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ABSTRACT

Let us consider the N-gons with unit length of sides in the plane. What is
the maximum of the arithmetical mean of the length of diagonals? We give
an elementary solution for this problem and some more general ones. We
deal with continuous analogons too,

1. W. Blaschke [1] has considered the integral

1= L f f F(reg)dtpdty, A's fixed,
A2 D JD

where P,Q are points of the bounded convex domain D in the plane, rp, is the
distance between P and Q, tp and t, are area-elements of D, f(x) is a function
such that I exists and f'(x) <0, f"(x) <0, and 4 is the area of D. He proved
that I attains its maximum only at circles. His main device is the well-known
Steiner’s symmetrising procedure.

Making some extension of this procedure, T. Carleman has weakened the
conditions of convexity of D and concavity of f(x).

In this paper we shall deal with an analogous problem raised by I. Vincze,*
namely the maximalization of the expression

F = $ f J. g(rpg) dspdsy, L is fixed,
2 Je Je

where P,Q are points of a closed curve C,rp, is the distance between them,
Sp, Sg are arc-length parameters, L is the length of C and g(?) is a function about
which we make some assumptions. Our result is contained in

THEOREM 1. If the function g(t) is increasing and concave, the integral F
attains its maximum only at circles. In particular, taking g(t) =t, the mean
length of chords of a closed curve C does not exceed the value 2L[n?.

We now mention some further results used in the proof of Theorem 1. In this
direction see [3].

Received August 23, 1965.
* Many thanks to him for his many suggestions to simplify the proofs.
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We define a “‘system (4;),”” to be a sequence of points A, A,,-,4y and
Ay ;=A4;(i=1,2,---,N). Such a system will be called regular, which will be denoted
by (R)), if the polygon A,, A,, -+, Ay is regular. In this case, the following state-
ments are valid.

THEOREM II. Making use of the notationry = AjA; 4, ifrp<a,(i=1,---,N)
and g(t) is an increasing, concave function, the inequality

N l
€)) Ni z g(r,-z,) =< g(azsinzﬁ/ sin® %;—) 1 given, N =4,
i=1

is valid. The sign of equality holds if and only if (4)y =(R)y.

THeOREM III. For an arbitrary system (A;)y the following relation is valid:

2 §2< 'nl—n s‘12 %r’ 1 given, N=4
1ri1 = st N, lnN = i given, =4,
where equality holds only for affine images of a regular system and their limit
cases.
2. To prove our theorems we need some notations and lemmas.
Let be T the set of the affine transformations of our plane . Then the lemmas
below hold:

LeMMA 1. Let us assume, that A,B,C, are not collinear and the same is
true for A’, B’, C'. Then there exists one and only one v T for which

7(4) = A’
©B) = B’
oC) = C

hold.

LEMMA 2. The parallelism of straight lines and the ratio of diversion on
a straight line will remain unchanged after applying a teT.

LemMa 3.  If segments AB and CD are parallel, then
2(A)e(B): 1(C)(D) = AB: CD

LemMMA 4. A non-collinear system (A,)y can be mapped into a regular one
(R)y if and only if

a) R;R, parallel to R.R, implies that A;A; is parallel to AA,.

b) AA;: AA, = RR;: RR,
if A/A; and AA, are parallel.

Proof. Only part of our lemma follows directly from Lemmas 3 and 2. But
if a) and b) are satisfied by (4,)y, consider 7€ T defined by 7(R) = 4;, i=1,2,3
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(see Lemma 1). (Obviously A4;,A4,, A, cannot be collinear because in this case
{4;}n would be collinear.)

Let us denote t(R;) by R] (i =1,2,---,N), from condition a) and Lemma 2,
A, and R, must lic on the straight line parallel with 4,4, and containing A4,.
On the other hand

AIR"‘_ = A1A4 = A2A3 (R1R4: R2R3)

So R, = A,, etc.
LEMMA 5. Let the numbers x; (x; = 0) satisfy the relations
3 X; S %y +(xjo1%5+0)" (j=2,-,N=-2)

XN—-i = X
Then

< . .7 .om\* .
X; S Xy |sinj &/ sings (j=2,--,N-2)
and if we have
X; < Xg + (X2 1%;0 )% for some j (1<j<N-1)
then
N 2 N
X; < Xy (smj-ﬁ/smw) forevery j (1<j<N-1)

Proof. Let y,=x;/x; (i=2,--,N=2). In view of (ab)'/>Z(a+ b)]2
{a,b > 0) system (3) implies that

< T
yz=1+2v1+2v3“
10, 1o,
< et ~
y3 = 1+202 2+2 y4
1 vs 1 v,
< = =
y4=1+203y3+20 V3
L 044 Vi1
4 i £ 1+ Yicr + 3 Yita
i-1 Vity
1 Uy Ivk_z
< _ 5 PRt
Yi-13 1+2”k—2yk_2 + 3 o Vi
1 v 1v
< 14>y Z Tkl = 1
= +2vk_1.Vk1+2 vk)’k (N=2k+1)

Ve £ 1+ yryq (N =2k)
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where v;,v,---,0, > 0. Let v; =sini (n/N). Suppose that N =2k + 1 and write
(4) in matrix form

&) Y £ AY+B.
As
k
i§20‘j = 5j<19 (j=29"'9k)
summing the relations of (5) we get
k k
EijjéM (C‘=1—§i>O,M= zbj.
i=2 ]:2
So every y; is bounded:
i S M.

If y; <(AY); + B; for some j (1 <j <k) then we can increase the value of
y; to y; so that

Y'=(J’2,}’3,"’,}’j—1§)’},yi+1"",.}’k-l I)ES = <U:USAU+B>.

Now we can increase the value of y;_; because y;_; <[AY'];_; +b;_y if
j> 2. This procedure can also be carried out for x;_,,--+,x, and x;44,*, %,
if they exist. Therefore if

Y=max U
UeS
then
(6) Y=AY+B

This equation has the solution

2 k
0 _ . 15_ / . _75_
Y = <(smN1 smN) >‘_=2
But this solution is unique. For let Y* be any other solution of (6). Let W = Y°
— Y. Then W = AW and so

|W2| = ay3|w;]

|W3| s 032|W2l+as4lw4|

[wil £ au_g| Wit + aus 1| Wias |

~
\
IA

ak—lk—lek-zl + Ot ko1 | Wi

F
A

Qgp-1 | We-1| + & x+1| Wi
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Summing these inequalities we get

k
ZCJIWJ|§0 (Cj=1“6j>0,j=2,"',k)
ji=2
Hence w; =0, j=2,---,k.

In the case N =2K we can eliminate the variable y, by replacing the last re-
lation of (4) into the preceding one. The new system Y < 4’'Y 4+ B’ can be con-
sidered as (5) and the result is that

2
yi = (sinﬁj/ sin%) ,j=2,k—1.

But
<14y, <1+(sin “(k-1)/sin~’i)2—
M= V-1 = oA o7
LT ., T c g T
_ sin 2k(k 1) + sin % 1 sin k2k
2 T 2 T L2 T
sin® o7 sin® o sin® 57

which completes the proof of Theorem 1. (see Remark I).

LEMMA 6. Let the functions f(t) and g(t) be defined in [0,c](c>0) and let
us assume that f(t) = f(c — 1), g(t) = g(c — 1) for every 0 <t S c. Let us denote
by A (x,y,2) a function strictly increasing in x,y,z. If the relations

fw) £ A{f(0),f(u - v), f(u + v)}

gu) = A{g(v),g(u —v),g(u + v)}
0fu—-v,ut+v=sc

SO =gy, 0=t1=c
hold, then

S(to) = g(to) 1o€(0,¢)
implies that

=g, 0=t=c.

Proof. We may assume that 0 <ty <c/2. Let 0 <v <t,. Then

f(to) é A{f(v)’g(to - U):g(to + U)} é g(to)-

Because f(7,) = g(t,) and as A is strictly increasing, we have
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Sf(0) = g(v) 0<v<t,
Sfto +v) = g(to +0)

i.e.
S = g(1), 0=t21,.

If t, = c/4, the lemma is proved. In case #; = 2t, < ¢/2 we come to the conclusion
that £(¢) = g(¢) in [0,2¢,], and so on.

LEMMA 7. For an arbitrary quadrangle A, B, C, D, with sides of length
a, b, ¢, d, and diagonals of length e, f,

©6) e?+f? £ b? +d? + 2ac
is valid with equality only in the case of AB and CD parallel.

Proof. Let us denote the vectors AB, BC, CD, DA, by v,,v,,03,0,. Then
vy +v,+0v3+0,=0 and

R L P L P (R R T

= EHDH +(vl’02)+(Ust3)+(U3’v4)+(U4,Ul)
o [ CRRCRT
= Eful-lotnl s Eul-qul-u)r

]

Joo [+ [va]? + 2] o | llvsll
= b%+d*+ 2ac
3. Proof of Theorem 3. For an arbitrary system {4}y the relation
RSP b SIS AT ) TS
holds by Lemma 7. Hence

N N N
2 2
Q) > ra = z riy + 21 Fiag+tivt,1-1
i=1 = {=

N N N 1/2
o B Y R

Let us write
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Y 2
o= Xr.
=1

i

Then {p;} ¥~ ! satisfy the system (3). From Lemma 5 it follows that

[ p,(sinl%/ sin %)2 = g
and if p; = q,p, for some I (1 <1< N—2) then the equations
pr=pr+tp-1ps)? (1=2,-,N=2)
hold. But in this case — because Cauchy’s inequality was applied in (7) —

4
sin(l+1) —
ri"+1 — (pl+1 )1/2 - ( )N
Tiv1,1-1 Pr-1 : n
. —-1) =
sin(/ )N

and the segments A;4;,;4, and 4;,,4,;,, are parallel (see Lemma 7), if {4;}y
is a non-collinear system. By Lemma 4, A; = 1(R;) in this case.
Suppose that {4}y is maximal and collinear and

Ai = (xi,O) l - 1,"‘,N

in a Cartesian coordinate system. *
Equations
Xper =% = AXp2 — Xi41)

cannot hold if A#0, as xy,;=x;, i=1,---,N, and we exclude the case A =0
since, in this case x, = x, = -+« = Xy would be satisfied. Therefore there exist
such i and j that

Xiv1 — X; = Ay (Xi4g = Xi41)

@® Ao
Xjt1— X = j(xi+2 Xiv1)
A #A,

Taking into consideration the system {B;}y = {x;,y;} where
Vi = X4y (=1, "'aN)’{Bi}N
cannot be collinear because of (8). It is obvious that {B;}y is maximal:

Z {0~ x4 + (i — yi+0?} _ 22 (x; — X340)?
A= %)+ (i — yis )} 2% (= xi40)%

We have B,=1(R,), 4;=P(B). So A;=P(1(R))=P'(R)), where P,P’ are
parallel projections into the line y =0, and teT.

*We may assume that {4;}y has more than two different points.
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Proof of theorem II. It is evident from the theorem above and Jensen’s ine-
quality.

Proof of Theorem I. Let 0 <u <L and {Iy} be a sequence of integers such
that Iy/N = u (N — o).

Let us assume that the sequences of equilateral polygons {ny},{ny} inscribed
in a curve C and a circle K, both with length L, converges to C and K , respectively.

Applying Theorem II with g(f) =t at each N, we get clearly
Nay — L and so

1 2 L . u 2
= [~ ’ s |— —_
® i3 PP'=urpp dsp £ ( —sin n)

where u is given, and PP’ is the length of the arc of C between P and P’ going
from P to P’ counter-clockwise.
The relation (9) implies that

1 L . u
Fw) =1 - grap)dsy < g‘(—”—sm—L—n)z}

(9 is a monotone increasing and concave function), and if equality holds here
for some u and C, then equality holds for this same 4 and C in (9) and so

des 1 L . u \ur
(10) pE I [~ rhrds= (;smfn) < pe(w),

as the conditions of Lemma 6 are satisfied with
f(0) = pD), g(t) =p(t), A(X,y,2) =x + (y2)'/2.

(The inequality p(u) £ p(v) + [p(u + v) p(u — v)]*/* can be derived from Lemma 7
as we had obtained the relation p; < p; +(p;—1 p1+1)'/*> inthe proof of Theorem
I1I).But (10) implies the identity

D Su0) T — pu) + p(0) + (Pl + 0)p(u — )12 = O,

Hence

def > 2 2 2
(12) Y(Sp,u,0) = Tpp, + Tp,p, + 28p,pTpps —Tpp,— Tpp = 0,
and

. u+v

v T sin ——n

e
(13) Asp,u,0) = 2 =

Tees Gn¥ "V,
L

(PeC; C,u,v given)

where P,, P,, P; are such that
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~ — ~ —
PP2=P1P3=u;PP1=P2P3=U.

For ipc(Sp,u,D) g 0;

(14) f Velspu,0)dsp < 2(u,0) = 0,

Y .(sp,u,v) is continuous in sp, and Cauchy’s inequality has been applied in (14).
Let points A,,A4,,A3,A,,As€C be such that

(%)  Ad; = LAy = A4, = L4, = 4,4, = L5,

Now we construct a sequence my of polygons inscribed in C such that
ny = t(ny) where {ny} < K is regular, and t€ T.

Let m, consist of the points A4, (i = 1,2,--,5). If wehaveny= < AY,i=1,..., ">
then the points of ny,, are defined by the relations

A
N+t (N+1 L . N
A TAYY = N i=1,-,5", ayS Ay,

Suppose that C is not collinear. In this case 7y has the same property if N is
sufficiently large: N = N,.
From (12), (13) and Lemma 4

iy = Ty(ny) (N=No,No41,+)

But evidently

— — _ def
IN, = TN, 41 = TN,42 = =+ = T,

Letting N approach infinity, we get C = 1(K) i.e. C is an ellipse. The curve C
cannot differ from K as in this case the affine mapping v would change the length
of K, which contradicts (15).

If points of C are collinear, then ny is also collinear. (N =1,2,3,.--). There-
fore from (12), and (13)

iy = PN(RN) (N= 1’2""):

Py is a projection on the line containing LT

Evidently we have Py =P,=:-=Py=--= P, so C = P(K). But this
contradicts (15) by the above argument, Hence C cannot be collinear.

As we have

1 1
F = IJ; F(u)du,

our theorem is proved.
REMARK. 1) Let us assume that Y< AY 4+ B with the notations of lemma 5.
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It is easy to show, that the iteration Y, =Y, Yy =AYx_,+ B, k=1.2,-.-isin-
creasing and converges. This fact does more elementary the proof of this lemma.
2) Let be d the transfinite diameter of C. Then we have

d=exp (maxl—2 f f up,uglogrpgdspdsg)
r Q% JeJe

where Q = {¢ ppdsp [5].
To examine the minimum of the integral

1
Zi -L J;: log rPQ dSPdSQ

for convex curves is perhaps easier as as to examine the minimum of d, and this
way we could get a good lower bound for d/L.

3) The classical isoperimetric inequality follows from Theorem 1 using the
formula of area

1642 =f f rﬁQcoscxPstpdsQ
cJC

due to L. Rédei and B. Sz. Nagy [4].
4) Inequality of Wirtinger can be roved completely by a slight modifi-
cation of our proof of Theorem 1.
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